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We show that the mixing effect of the neutral gauge bosons in the 3-3-1-1 model comes
from two sources. The first one is due to the 3-3-1-1 gauge symmetry breaking as usual,
whereas the second one results from the kinetic mixing between the gauge bosons of U(1)X
and U(1)N groups, which are used to determine the electric charge and baryon minus lepton
numbers, respectively. Such mixings modify the ρ-parameter and the known couplings of Z
with fermions. The constraints that arise from flavor-changing neutral currents due to the
gauge boson mixings and non-universal fermion generations are also given.
PACS numbers: 12.60.-i
I. INTRODUCTION
The standard model is incomplete since it leaves crucial questions of the nature unsolved, namely
the neutrino masses, dark matter, matter-antimatter asymmetry, cosmic inflation, and so on [1].
Many such difficulties of the standard model can be solved by the recently-proposed SU(3)C ⊗
SU(3)L⊗U(1)X⊗U(1)N (3-3-1-1) gauge model, where SU(3)C is the ordinary color group, SU(3)L
is an extension of the weak-isospin symmetry (SU(2)L), and the last two factors correspondingly
define the electric charge (Q) and baryon-minus-lepton charge (B − L), respectively [2, 3]. This
is the most simple framework that unifies the electroweak and B − L interactions in a nontrivial
way, analogously to the electroweak theory. The new model also provides insights in the electric
charge quantization (which is due to the B − L dynamics in general [3], while only the minimal
3-3-1-1 versions have additional quantization condition that results from specific fermion contents
like the 3-3-1 models [4]) and flavor questions (where the dangerous FCNCs due to the unwanted
vacuums and interactions are suppressed by W -parity conservation [2], whereas the contribution
of U(1)N gauge boson including the kinetic mixing effect discussed below could relax those 3-3-1
model’s bounds for the B physics anomalies [5]).
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2The 3-3-1-1 model contains four neutral gauge bosons, the photon, Z, and new Z ′, Z ′′. Their
mixing effects due to the 3-3-1-1 gauge symmetry breaking have been studied [2, 3]. However,
since this theory includes two U(1) factor groups, the kinetic mixing [6] between the corresponding
gauge bosons is unavoidable, which might cause significant effects and modify the well-measured
parameters/observables. It has not been examined yet. In this work, we interpret this mixing and
investigate its corrections to the known parameters and constraints. The correlation between the
two kinds of mixings is also evaluated.
II. THE 3-3-1-1 MODEL AND KINETIC MIXING
Assume that all the left-handed fermion doublets of SU(2)L are enlarged to the fundamental
representations of SU(3)L (i.e., triplets or antitriplets), while all the right-handed fermion singlets
of SU(2)L by themselves transform as singlets of SU(3)L. The SU(3)L anomaly cancellation
requires the number of fermion triplets is equal that of fermion antitriplets. Thus, the fermion
content of the 3-3-1-1 model under consideration is given by [3]
ψaL ≡

νaL
eaL
kaL
 ∼
(
1, 3,
−1 + q
3
,
−2 + n
3
)
, (1)
νaR ∼ (1, 1, 0,−1) , eaR ∼ (1, 1,−1,−1), kaR ∼ (1, 1, q, n), (2)
Q3L ≡

u3L
d3L
j3L
 ∼
(
3, 3,
1 + q
3
,
2 + n
3
)
, QαL ≡

dαL
−uαL
jαL
 ∼ (3, 3∗,−q3 ,−n3) , (3)
uaR ∼
(
3, 1,
2
3
,
1
3
)
, daR ∼
(
3, 1,−1
3
,
1
3
)
, (4)
j3R ∼
(
3, 1,
2
3
+ q,
4
3
+ n
)
, jαR ∼
(
3, 1,−1
3
− q,−2
3
− n
)
, (5)
where a = 1, 2, 3 and α = 1, 2 are generation indices, the quantum numbers in the parentheses
are defined upon the 3-3-1-1 symmetries, respectively, and the new fields kaL,R, jaL,R, and νaR
have been included to complete the representations and cancel the other anomalies. For special
cases, kaR are excluded while kaL are replaced by either (eaR)
c or (νaR)
c, called minimal 3-3-1-1
versions, respectively. But, this does not work for quarks since the symmetries, SU(3)C , SU(3)L,
and space-time, commute. Hence, ja are necessarily introduced. Note also that the following
3discussions generally apply for all cases. The Q and B − L charges of the new fermions are
Q(νR) = 0, Q(k) = q, Q(j3) =
2
3
+ q, Q(jα) = −1
3
− q, (6)
[B − L](νR) = −1, [B − L](k) = n, [B − L](j3) = 4
3
+ n, [B − L](jα) = −2
3
− n. (7)
We see that (q, n) are those charges defined for ka fields, which satisfy −2.08011 < q < 1.08011 in
order to have a correct, effective Weinberg angle as explicitly shown below, and n 6= (2m − 1)/3
for any integer m to have a nontrivial, residual, discrete symmetry of the gauge symmetry, which
stabilizes the dark matter candidates.
To break the 3-3-1-1 symmetry and generate appropriate masses for the particles, the scalar
content contains [3]
η =

η0,01
η−1,02
ηq,n+13
 ∼
(
1, 3,
q − 1
3
,
n+ 1
3
)
, ρ =

ρ1,01
ρ0,02
ρq+1,n+13
 ∼
(
1, 3,
q + 2
3
,
n+ 1
3
)
, (8)
χ =

χ−q,−n−11
χ−q−1,−n−12
χ0,03
 ∼
(
1, 3,−2q + 1
3
,−2
3
(n+ 1)
)
, φ ∼ (1, 1, 0, 2), (9)
where the superscripts define (Q,B − L) values respectively, while the subscripts indicate SU(3)L
component fields. The corresponding vacuum expectation values (VEVs) are obtained as
〈η〉 = 1√
2

u
0
0
 , 〈ρ〉 = 1√2

0
v
0
 , 〈χ〉 = 1√2

0
0
w
 , 〈φ〉 = 1√2Λ. (10)
The VEVs w, u, v break the 3-3-1-1 symmetry to SU(3)C ⊗ U(1)Q ⊗ U(1)B−L, while the VEV Λ
breaks B − L to a discrete symmetry, U(1)B−L → P . The residual operators can be identified as
Q = T3 + βT8 +X, B − L = β′T8 +N, P = (−1)3(β′T8+N)+2s, (11)
where β = −(1+2q)/√3, β′ = −2(1+n)/√3, and s is spin. Note that β is bounded by −1.82455 <
β < 1.82455 due to the q constraint, and β′ 6= 4m
3
√
3
for any m integer. The weak hypercharge is
Y = βT8 + X. Furthermore, because w,Λ give the masses for the new particles, whereas u, v are
for the ordinary particles, to be consistent with the standard model, we assume u, v  w,Λ.
Up to the gauge fixing and ghost terms, the total Lagrangian takes the form,
L =
∑
F
F¯ iγµDµF +
∑
S
(DµS)†(DµS) + LYukawa − V (η, ρ, χ, φ)
−1
4
GiµνG
µν
i −
1
4
AiµνA
µν
i −
1
4
BµνB
µν − 1
4
CµνC
µν − δ
2
BµνC
µν , (12)
4where F and S run over all fermion multiplets and scalar multiplets respectively, and δ is a
dimensionless parameter. LYukawa and V (η, ρ, χ, φ) are Yukawa Lagrangian and scalar potential
respectively, which their explicit forms are easily obtained. The covariant derivative and field
strength tensors are given by
Dµ = ∂µ + igstiGiµ + igTiAiµ + igXXBµ + igNNCµ, (13)
Giµν = ∂µGiν − ∂νGiµ − gsfijkGjµGkν , (14)
Aiµν = ∂µAiν − ∂νAiµ − gfijkAjµAkν , (15)
Bµν = ∂µBν − ∂νBµ, Cµν = ∂µCν − ∂νCµ, (16)
where {gs, g, gX , gN}, {ti, Ti, X, N}, and {Gi, Ai, B, C} stand for coupling constants,
generators, and gauge bosons of the 3-3-1-1 groups, respectively. Notably, the δ term, called
kinetic mixing, was omitted in the previous studies, in spite of the fact that it is gauge invariant
and also cannot be transformed away by rescaling the gauge fields. Even if its tree-level value
vanishes, it can be radiatively induced. The existence of the δ term is a new observation of this
work. We should impose |δ| < 1 in order to have a definitely positive kinetic energy.
Because of the kinetic mixing term, the two U(1) gauge bosons Bµ and Cµ are generally not
orthogonal and normalized. Let us rewrite the kinetic terms of Bµ and Cµ as
L = · · · − 1
4
B2µν −
1
4
C2µν −
δ
2
BµνC
µν = · · · − 1
4
(Bµν + δCµν)
2 − 1
4
(1− δ2)C2µν , (17)
which takes the canonical form by a non-unitary transformation (Bµ, Cµ)→ (B′µ, C ′µ) as
B′ = B + δC, C ′ =
√
1− δ2C. (18)
Substituting, C = 1√
1−δ2C
′ and B = B′ − δ√
1−δ2C
′, into the covariant derivative, it becomes
Dµ = ∂µ + igstiGiµ + igTiAiµ + igXXB
′
µ +
i√
1− δ2 (gNN − gXXδ)C
′
µ, (19)
which is given in terms of the physical (orthogonal and normalized) fields (B′µ, C ′µ).
The 3-3-1-1 gauge symmetry breaking also leads to mixings among A3, A8, B
′, and C ′. Their
mass Lagrangian arises from
∑
S(Dµ〈S〉)†(Dµ〈S〉), which yields
Lneutralmass =
1
2
(
A3 A8 B
′ C ′
)
M2

A3
A8
B′
C ′
 , (20)
5where the mass matrix M2 is symmetric and its elements M2 = {m2ij} are given by
m211 =
g2
4
(u2 + v2), m212 =
g2
4
√
3
(u2 − v2), m213 = −
g2tX
4
√
3
[
(
√
3 + β)u2 + (
√
3− β)v2
]
,
m214 =
g2
4
√
3
√
1− δ2
{
[δ(
√
3 + β)tX − β′tN ]u2 + [δ(
√
3− β)tX + β′tN ]v2
}
,
m222 =
g2
12
(u2 + v2 + 4w2), m223 = −
g2tX
12
[
(
√
3 + β)u2 − (
√
3− β)v2 + 4βw2
]
,
m224 =
g2
12
√
1− δ2
{
[δ(
√
3 + β)tX − β′tN ]u2 − [δ(
√
3− β)tX + β′tN ]v2 + 4(δβtX − β′tN )w2
}
,
m233 =
g2t2X
12
[
(
√
3 + β)2u2 + (
√
3− β)2v2 + 4β2w2
]
,
m234 =
−g2tX
12
√
1− δ2
{
(
√
3 + β)[δ(
√
3 + β)tX − β′tN ]u2 + (
√
3− β)[δ(
√
3− β)tX + β′tN ]v2
+4β
(
δβtX − β′tN
)
w2
}
,
m244 =
g2
12(1− δ2)
{
[δtX(
√
3 + β)− β′tN ]2u2 + [δtX(
√
3− β) + β′tN ]2v2 + 4(δβtX − β′tN )2w2
+48(1− δ2)t2NΛ2
}
,
where we have defined tX = gX/g and tN = gN/g.
It is easily obtained that M2 has a zero eigenvalue (the photon mass) with corresponding
eigenstate (the photon field), given by
A = sWA3 + cW
(
βtWA8 +
√
1− β2t2WB′
)
, (21)
where sW = e/g = tX/
√
1 + (1 + β2)t2X is the sine of the Weinberg angle, which can explicitly
be identified from electromagnetic interaction vertices [7]. The last relation further implies s2W <
1/(1 + β2) or |β| < cotW , which yields the mentioned q bounds, since β = −(1 + 2q)/
√
3 and
s2W = 0.231, effectively given at the weak scales (u, v) [3]. Note that the field in the parenthesis
of (21) is properly coupled to the weak hypercharge Y = βT8 + X. Therefore, we can define the
standard model Z and new Z ′ as follows
Z = cWA3 − sW
(
βtWA8 +
√
1− β2t2WB′
)
, (22)
Z ′ =
√
1− β2t2WA8 − βtWB′, (23)
which are given orthogonally to A, as usual. At this stage, C ′ is always orthogonal to A,Z,Z ′.
6Let us change to the new basis (A3, A8, B
′, C ′)→ (A,Z,Z ′, C ′),
A3
A8
B′
C ′
 = U1

A
Z
Z ′
C ′
 , U1 =

sW cW 0 0
βsW −βsW tW
√
1− β2t2W 0
cW
√
1− β2t2W −sW
√
1− β2t2W −βtW 0
0 0 0 1
 . (24)
The mass matrix M2 becomes then
M ′2 = UT1 M
2U1 =
 0 0
0 M ′2s
 , M ′2s ≡

m2Z m
2
ZZ′ m
2
ZC′
m2ZZ′ m
2
Z′ m
2
Z′C′
m2ZC′ m
2
Z′C′ m
2
C′
 . (25)
We see that the photon field is physical and decoupled, while Z,Z ′, C ′ mix via the 3 × 3 mass
submatrix M ′2s with the elements given by
m2Z =
g2
4c2W
(u2 + v2), m2ZZ′ =
g2
[
(1 +
√
3βt2W )u
2 − (1−√3βt2W )v2
]
4
√
3cW
√
1− β2t2W
,
m2ZC′ =
g2
4
√
3cW
√
1− δ2

δtW (√3 + β)√
1− β2t2W
− β′tN
u2 +
δtW (√3− β)√
1− β2t2W
+ β′tN
 v2
 ,
m2Z′ =
g2
[
(1 +
√
3βt2W )
2u2 + (1−√3βt2W )2v2 + 4w2
]
12(1− β2t2W )
,
m2Z′C′ =
g2
12
√
(1− δ2)(1− β2t2W )
(1 +√3βt2W )
δtW (√3 + β)√
1− β2t2W
− β′tN
u2
− (1−
√
3βt2W )
δtW (√3− β)√
1− β2t2W
+ β′tN
 v2 + 4
 δβtW√
1− β2t2W
− β′tN
w2
 ,
m2C′ =
g2
12(1− δ2)

δtW (√3 + β)√
1− β2t2W
− β′tN
2 u2 +
δtW (√3− β)√
1− β2t2W
+ β′tN
2 v2
+4
 δβtW√
1− β2t2W
− β′tN
2w2 + 48(1− δ2)t2NΛ2
 .
Because of the condition u, v  w,Λ, we have m2Z ,m2ZZ′ ,m2ZC′  m2Z′ ,m2Z′C′ ,m2C′ . The mass
matrix M ′2s can be diagonalized by using the seesaw formula [8] to separate the light state Z from
7the heavy states Z ′, C ′, which is given by
A
Z
Z ′
C ′
 = U2

A
Z1
Z ′
C′
 , M
′′2 = UT2 M
′2U2 =

0 0 0
0 m2Z1 0
0 0 M ′′2s
 , (26)
where Z1 is physical and decoupled, while Z ′ and C′ mix via M ′′2s , and
U2 '

1 0 0
0 1 E
0 −ET 1
 , E ≡ (m2ZZ′ m2ZC′)
 m2Z′ m2Z′C′
m2Z′C′ m
2
C′
−1 , (27)
m2Z1 ' m2Z − E
 m2ZZ′
m2ZC′
 , M ′′2s '
 m2Z′ m2Z′C′
m2Z′C′ m
2
C′
 . (28)
Further, we approximate Ei ' E0i + Eδi due to u, v  w,Λ again, where i = 1, 2, and
E01 =
√
1− β2t2W
16cWΛ2ω2
{
4
√
3
[
(1 +
√
3βt2W )u
2 − (1−
√
3βt2W )v
2
]
Λ2 + ββ′2t2W (u
2 + v2)ω2
}
, (29)
E02 =
ββ′t2W (u
2 + v2)
16cW tNΛ2
, Eδ1 =
δ2
1− δ2
ββ′2t2W
√
1− β2t2W (u2 + v2)
16cWΛ2
, (30)
Eδ2 =
δ√
1− δ2
tW
√
1− β2t2W (u2 + v2)
16cW t2NΛ
2
+
δ2
1 +
√
1− δ2 − δ2
ββ′t2W (u
2 + v2)
16cW tNΛ2
. (31)
The parameters E0i determine the mixings of Z with Z ′, C ′ due to the gauge symmetry breaking,
which are like those in the ordinary 3-3-1-1 model without the kinetic mixing [2, 3]. Whereas, the
parameters Eδi characterize those mixings coming from the kinetic mixing term. Because δ is finite,
the magnitudes of the two E0i and Eδi contributions are equivalent. However, all of them, E0i and
Eδi , are negligibly small due to u, v  w,Λ.
Finally, it is easily to diagonalize the mass matrix M ′′2s to yield two remaining physical gauge
bosons, called Z2 and Z3, such that
A
Z1
Z ′
C′
 = U3

A
Z1
Z2
Z3
 , U3 =

1 0 0 0
0 1 0 0
0 0 cξ sξ
0 0 −sξ cξ
 ,
M ′′′2 = UT3 M
′′2U3 = diag(0,m2Z1 ,m
2
Z2 ,m
2
Z3). (32)
8The Z ′-C′ mixing angle and Z2, Z3 masses are given by
t2ξ '
2
√
1− δ2
(
δβtW − β′
√
1− β2t2W tN
)
w2
12(1− δ2)(1− β2t2W )Λ2t2N +
[
(δβtW − β′tN
√
1− β2t2W )2 − (1− δ2)
]
w2
, (33)
m2Z2,Z3 =
1
2
[
m2Z′ +m
2
C′ ∓
√
(m2Z′ −m2C′)2 + 4m4Z′C′
]
. (34)
It is clear that the kinetic mixing term also contributes to the Z ′ and C′ mixing angle with a
magnitude equivalent to that due to the gauge symmetry breaking. Unlike the previous case, these
mixings are radically large, supposed that Λ ∼ w. However, the mixing effects on the new neutral
gauge bosons will cancel when ξ = 0, or
δ =
β′tN
βtX
, (35)
where note that tX = tW /
√
1− β2t2W .
At this stage, let us summarize that the canonical gauge states are related to the mass eigen-
states, (A3 A8 B
′ C ′)T = U ′(A Z1 Z2 Z3)T , by the unitary matrix U ′ = U1U2U3, while the original
gauge states are connected to the mass eigenstates, (A3 A8 B C)
T = U(A Z1 Z2 Z3)
T , by the
non-unitary matrix U = UδU
′, where
Uδ =

1 0 0 0
0 1 0 0
0 0 1 − δ√
1−δ2
0 0 0 1√
1−δ2
 . (36)
The fields A, Z1 can be identified like those of the standard model, whereas Z2 and Z3 are the
new, heavy neutral gauge bosons, originating from Z ′ of the 3-3-1 model [9, 10] and C of U(1)N
symmetry. The mixings of the standard model gauge bosons with the new gauge particles are small
due to |E1,2|  1 or u, v  w,Λ, while the mixings within the new gauge bosons Z ′ and C may be
large since ξ is finite, provided that w ∼ Λ.
III. ρ AND E1,2 PARAMETERS
The ρ-parameter (or ∆ρ ≡ ρ− 1 used below) that is due to the contribution of the new physics
comes from two distinct sources, denoted as ∆ρ = (∆ρ)tree + (∆ρ)rad, where the first term results
from the tree-level mixing of Z with Z ′ and C ′, while the second term originates from the dominant,
radiative correction of a heavy non-Hermitian gauge doublet (X−q,−1−n = A4−iA5√
2
, Y −1−q,−1−n =
9A6−iA7√
2
), similarly to the 3-3-1 model case [11]. The two kinds of these contributions are suppressed
by (u2, v2)/(w2,Λ2), which can become comparable, and are given by
(∆ρ)tree =
m2W
c2Wm
2
Z1
− 1 = m
2
Z
m2Z − E(m2ZZ′ m2ZC′)T
− 1 ' E(m2ZZ′ m2ZC′)T /m2Z
'
[
(1 +
√
3βt2W )u
2 − (1−√3βt2W )v2
]2
4(u2 + v2)w2
+
β2β′2t4W (u
2 + v2)
16(1− δ2)Λ2 +
δtW
16
√
3(1− δ2)cW t2N
×
√3
1 + ββ′tW tN√
1− β2t2W
 u2 + v2
Λ2
+
β − β′tN + β2β′tW tN√
1− β2t2W
 u2 − v2
Λ2
 , (37)
(∆ρ)rad =
3
√
2GF
16pi2
(
m2Y +m
2
X −
2m2Ym
2
X
m2Y −m2X
ln
m2Y
m2X
)
+
α
4pis2W
(
m2Y +m
2
X
m2Y −m2X
ln
m2Y
m2X
− 2−
√
3βt2W ln
m2Y
m2X
)
, (38)
where m2W =
g2
4 (u
2 + v2), m2X =
g2
4 (u
2 + w2), m2Y =
g2
4 (v
2 + w2),
√
2GF = 1/(u
2 + v2), and
α = g2s2W /(4pi). Note that the mass of W boson implies u
2 + v2 = v2w = (246 GeV)
2.
We first remark that if Λ  w, ∆ρ depends only on β and w, not on Λ, tN , β′, and δ, which
is analogous to that of the corresponding 3-3-1 model. If Λ ∼ w, all the mentioned parameters
contribute to ∆ρ. In this case, without loss of generality, we will take Λ = 2w and tN = 0.5 into
account. To set other inputs, we are primarily interested in the 3-3-1-1 models that provide dark
matter candidates, so q = 0 or q = −1, i.e. β = −1/√3 or β = 1/√3, respectively [3]. Also,
the candidates are stabilized if P is nontrivial, as mentioned, so let n = 0, thus β′ = −2/√3,
for simplicity. Furthermore, we would also be concerned with the 3-3-1-1 models that have a low
Landau pole [12], such that q = 1 or q = −2, thus β = −√3 or β = √3, respectively. Although,
these two models possess the distinct new physics regimes, we will only investigate the one with
q = 1, so β = −√3. From the global fit, the ρ-parameter is bounded by 0.00016 < ∆ρ < 0.00064 [1].
Since u2 + v2 = (246 GeV)2, u will vary from 0 to 246 GeV, while v is followed.
In Fig. 1, we contour ∆ρ as a function of two variables (u,w) for the case Λ  w. It is clear
from the figure that the bounds are independent of the new physics associated with U(1)N and the
kinetic mixing term, which coincide with those of the 3-3-1 models. The cases of Λ ∼ w are given
in Figs. 2, 3, and 4 for β = −1/√3, β = 1/√3, and β = −√3, respectively. We see that the bounds
on the new physics scales w,Λ increase when δ increase. Therefore, the kinetic mixing effect is
important when the new physics is considered. It is noteworthy that in all cases of β = −√3 (also
valid for the models of a seminal large |β|) the weak scales u, v are very constrained since the new
physics regime is limited below a low Landau pole (see also [12]). Furthermore, the new physics
scales w,Λ from the mentioned figures are also subjected to other constraints, e.g. see the one in
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the next section, by which they would be larger than some TeV. These two extra bounds if applied
will be neglected, which should be understood, for the following discussion to keep a simplicity.
FIG. 1: The (u,w) regime that is bounded by the ρ parameter for β = −1/√3, Λ  w (left panel),
β = 1/
√
3, Λ w (middle panel), and β = −√3, Λ w (right panel). For the last case, the Landau pole,
e.g. w = 5 TeV, should be imposed.
FIG. 2: The (u,w) regime that is bounded by the ρ parameter for β = −1/√3, β′ = −2/√3, tN = 0.5,
and Λ = 2w, where the panels, ordering from left to right in raws and then from the top raw down to the
bottom raw, correspond to δ = −0.9, −0.5, −0.1, 0.1, 0.5, and 0.9, respectively.
Further, the constraints from the ρ-parameter on the 3-3-1-1 breaking scales w, Λ also depend
significantly on u and can even approach zero for certain values of u, when δ is small and negative.
Correspondingly, since ∆ρ is proportional to E—the mixing of Z with Z ′ and C ′—at the tree-level,
the new physics is always decoupled from the standard model when w,Λ tend to the weak scales and
then to zero, where we see that the mixing effects and Z-coupling corrections vanish. Apparently,
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FIG. 3: The (u,w) regime that is bounded by the ρ parameter for β = 1/
√
3, β′ = −2/√3, tN = 0.5, and
Λ = 2w, in which the panels, reading from left to right in raws and from the top raw down to the bottom
raw, are for δ = −0.9, −0.5, −0.1, 0.1, 0.5, and 0.9, respectively.
FIG. 4: The (u,w) regime that is bounded by the ρ parameter for β = −√3, β′ = −2/√3, tN = 0.5,
and Λ = 2w. Here, the panels, arranging from left to right in raws and then from the top raw down to the
bottom raw, are for δ = −0.8, −0.3, −0.1, 0.1, 0.5, and 0.9, respectively. In this case, the Landau pole,
which is roundly w = 5 TeV, is imposed.
this property is always protected at loop levels since this regime of the theory preserves a good
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custodial symmetry, SU(2)L+R, as in the standard model. Therefore, we can close the 3-3-1-1
symmetry at the weak scales, which is similar to the 3-3-1 models studied in [13], as also seen
from Fig. 1. The conclusion is valid for any β, β′, and w-Λ relation. Only if the kinetic mixing
parameter is positive and large (δ → 1), such closing effects are relaxed and even lost.
Generalizing the results in the second article of [2], we obtain the standard model Higgs boson
H ' (uS1 +vS2)/
√
u2 + v2, given at the leading order, u, v  w,Λ,−µ, where S1 =
√
2Re(η1)−u,
S2 =
√
2Re(ρ2)− v, and µ is the triple coupling of η, ρ, χ. The other scalars include nine massless
Goldstone bosons as eaten by nine massive gauge bosons and ten new heavy Higgs bosons with
masses in w,
√|µw|, or Λ scale. The mass of H can fit 125 GeV independent of v/u ratio. At
the leading order, the H couplings coincide with those of the standard model, L ⊃ −mfvw f¯fH +
g2vw
2 (W
+
µ W
−µ + 1
2c2W
ZµZ
µ)(H + 12vwH
2), where mf = −hf u√2 for f = t, d, s, mf = −hf
v√
2
for
f = b, e, µ, τ , and mf = hf
v√
2
for f = u, c. The modifications to those couplings due to the mixing
of H with new scalars are easily evaded since they are suppressed by (u, v)/(w,Λ,−µ) [2]. We
conclude that the standard model Higgs couplings and Higgs and fermion masses can be recovered
at the leading order, without imposing any constraint on the ratio of the weak scales v/u, which
is unlike the minimal supersymmetric standard model. The constraint on v/u can only come
from some of the following sources: (i) the ρ-parameter; (ii) when µ is low, by contrast; (iii) the
perturbative limit of quark couplings with new scalars relevant to the top coupling, e.g. mtvw
v
u t¯tH1
and −mtvw vu b¯LtRH−2 + H.c., where H1 is orthogonal to H while H2 is a combination of ρ1, η2; and
(iv) collider bounds on the new Yukawa, gauge, and scalar couplings. The last three cases are
merely assumptions, which will be not considered in this work.
The mixing of the standard model Z boson with the new neutral gauge bosons will modify
the well-measured couplings of the Z with fermions. In the aforementioned basses, we have Z =
Z1 + E1Z ′ + E2C′, Z ′ = −E1Z1 +Z ′, and C ′ = −E2Z1 + C′. Hence, the couplings of Z1 to fermions
include the corrections that come from the beginning Z ′, C ′ couplings, which are proportional to
E1 and E2, and obviously independent of the Z ′ and C′ mixing angle. The various f¯fZ1 couplings
have been examined [1], and the new physics contributions are safe if the mixing parameters are
typically proportional to 10−3, by which we will take the bound |E1,2| = 10−3 into account.
We observe that the sensitivity of the mixing parameters to the weak scales u, v is only one
term in E1 that is identical to the corresponding 3-3-1 model, since u2 + v2 = (246 GeV)2 is fixed.
Also, if Λ  w, E2 = 0, while E1 becomes that of the corresponding 3-3-1 model, E01 . Therefore,
these two cases are not investigated in this work, which should be well-understood. Our concern is
the change of the new physics scales in terms of the kinetic mixing contribution, and for this case
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we can set u = v. The previous inputs, Λ = 2w, tN , β, β
′ are also used. In Fig. 5, the viable new
physics region is given above both lines of E1,2. Notably, the case of β = −
√
3 is subjected to the
Landau pole limit, which implies that the new physics regime is very narrow.
FIG. 5: The bounds on the new physics scales as functions of δ, contoured by |E1,2| = 10−3, for the three
kinds of the models β = −1/√3, β = 1/√3, and β = −√3, respectively.
IV. FLAVOR-CHANGING NEUTRAL CURRENTS
The fermion generations are generally not repeated (or universal) under the SU(3)L⊗U(1)X ⊗
U(1)N symmetry, therefore there could be FCNCs. With the aid of X = Q − T3 − βT8 and
N = B − L− β′T8, the neutral currents take the form
LNC = −gF¯ γµ[T3A3µ + T8A8µ + tX(Q− T3 − βT8)Bµ + tN (B − L− β′T8)Cµ]F, (39)
where F is summed on all the fermion multiplets. It is clear that the leptons, including new particles
νR and k, and the exotic quarks do not flavor change, because the corresponding flavors that po-
tentially mix such as (ν1L, ν2L, ν3L), (e1L, e2L, e3L), (e1R, e2R, e3R), (ν1R, ν2R, ν3R), (k1L, k2L, k3L),
(k1R, k2R, k3R), (j1L, j2L), and (j1R, j2R) are identical under the gauge charges, respectively. (Note
that j3 does not mix with j1,2 due to the difference of electric charges). Additionally, the terms of
T3, Q, and B − L are also not flavor changing, because all the repetitive flavor structures, includ-
ing the mentioned ones and (u1L, u2L, u3L), (u1R, u2R, u3R), (d1L, d2L, d3L), and (d1R, d2R, d3R),
are identical under those charges, respectively. Hence, the FCNCs are only associated with the
ordinary quarks and T8, by which we come with concerned interactions,
LNC ⊃ −gq¯LγµT8qqL(A8µ − βtXBµ − β′tNCµ), (40)
where q denotes either up-type quarks q = (u1, u2, u3) or down-type quarks q = (d1, d2, d3), and
T8q =
1
2
√
3
diag(−1,−1, 1) is the corresponding T8 values.
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Let us work in the mass eigenstates, qL,R = VqL,qRq
′
L,R, q
′ = (u, c, t) or q′ = (d, s, b), and
(A3 A8 B C)
T = U(A,Z1, Z2, Z3)
T , which yields
LNC ⊃ −q¯′Lγµ(V †qLT8qVqL)q′L(g1Z1µ + g2Z2µ + g3Z3µ),
⊃ − 1√
3
q¯′iLγ
µq′jL(V
∗
qL)3i(VqL)3j(g1Z1µ + g2Z2µ + g3Z3µ), (41)
which implies the FCNCs for i 6= j. We also see that the photon always conserves flavors. The
couplings of Z1,2,3 are given by
g1 = g
− 1√
1− β2t2W
E1 + 1√
1− δ2 (β
′tN − δβtX)E2
 , (42)
g2 = g
 1√
1− β2t2W
cξ +
1√
1− δ2 (β
′tN − δβtX)sξ
 , (43)
g3 = g2(sξ → −cξ, cξ → sξ). (44)
The meson mixings are determined by the effective Lagrangian after integrating out Z1,2,3,
LeffFCNC =
1
3
(q¯′iLγ
µq′jL)
2[(V ∗qL)3i(VqL)3j ]
2
(
g21
m2Z1
+
g22
m2Z2
+
g23
m2Z3
)
. (45)
It is easily verified that the Z1 contribution is negligible, because (g
2
1/m
2
Z1
)/(g22/m
2
Z2
+ g23/m
2
Z3
) is
proportional to (u2, v2)/(w2,Λ2) that is suppressed at the leading order. Therefore, only Z2 and
Z3 govern the FCNCs, which leads to
LeffFCNC '
1
3
(q¯′iLγ
µq′jL)
2[(V ∗qL)3i(VqL)3j ]
2
(
g22
m2Z2
+
g23
m2Z3
)
. (46)
The strongest bound comes from the B0s -B¯
0
s mixing, which is given by [1]
1
3
[(V ∗dL)32(VdL)33]
2
(
g22
m2Z2
+
g23
m2Z3
)
<
1
(100 TeV)2
. (47)
Supposing that the up-type quarks are flavor diagonal, we have the CKM factor |(V ∗dL)32(VdL)33| '
3.9× 10−2 [1]. Hence, it follows √
g22
m2Z2
+
g23
m2Z3
<
1
2.25 TeV
, (48)
which yields mZ2 > 2.25× g2 TeV and mZ3 > 2.25× g3 TeV, which are in the TeV order, assumed
that the g2,3 couplings are proportional to unity.
Considering two conditions:
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1. Z3 is more superheavy than Z2, i.e. Λ  w. We have m2Z2 ' g
2w2
3(1−β2t2W )
, m2Z3 ' 4g2NΛ2,
ξ ' 0, g2 ' g/
√
1− β2t2W , and g3 ' −g(β′tN − δβtX)/
√
1− δ2. The above bound becomes
w > 3.9 TeV, which is given independent of β, β′, g, gX , gN and δ. This is also the common
bound for every 3-3-1 model with arbitrary β.
2. Z3 and Z2 are comparable in mass, so we take Λ = 2w. The other inputs as given previously,
tN , β, and β
′, are also used for this case. Since u, v  w,Λ, the lhs of (48) depend only on
the new physics scales, not on the weak scales. Additionally, the constraint (48) obeys the
dependence of w,Λ bounds in terms of the kinetic mixing parameter, δ, which is depicted in
Fig. 6. The figure shows that the new physics regime changes (although, slightly in a large
region of δ for the left and middle panels), when δ varies. Those bounds are obviously lower
than that given by the Λ w case above.
FIG. 6: The bounds on the new physics scales as functions of δ, given by the constraint (48), for the three
kinds of the models, β = −1/√3, β = 1/√3, and β = −√3, respectively.
V. CONCLUSION
Generally, if a theory contains two U(1) gauge groups, the corresponding kinetic mixing term
arises. Such term for the 3-3-1-1 model has been investigated, which is between the gauge bosons
of U(1)X and U(1)N , where these groups are used to define the electric charge Q and baryon-
minus-lepton charge B−L as well as the necessary algebraic closure of these charges with SU(3)L,
respectively. The kinetic mixing modifies the neutral gauge boson spectrum of the original 3-3-1-1
model, which has been diagonalized in detail. The physical photon and Z1 boson that are belong
to the standard model have been identified. The new physical neutral gauge bosons Z2, Z3 that
mainly relate to those of the 3-3-1 model and U(1)N have been achieved, which all are heavy
in w,Λ scales, where w is the 3-3-1 breaking scale, while Λ is the B − L breaking scale. The
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mixing of Z boson with new Z ′, C ′ neutral gauge bosons are small, as governed by a seesaw like
mechanism, in spite of the fact that the kinetic mixing parameter δ contributes and is finite. By
contrast, the mixing between the new neutral gauge bosons Z ′, C ′ is generally large, supplied by
both sources, the 3-3-1-1 symmetry breaking and kinetic mixing term. In particular, the Z ′-C ′
mixing effect disappears when such contributions are canceled out, implying an interesting relation,
δ = (β′gN )/(βgX), where gN and gX are the gauge couplings of U(1)N and U(1)X , while β′ and β
are used to determine the B − L and Q embedding in the 3-3-1-1 symmetry, respectively.
The new physics regime is changed when the kinetic mixing contributes. The well-measured
couplings of the standard model Z boson are modified by the mixing parameters E1,2, which come
from both the sources of the mixings, and they are properly suppressed by the mentioned seesaw
like mechanism. The numerical investigation for the typical bounds, E1,2 = 10−3, with a particular
choice of the input parameters yields a solution for w ≡ Λ/2 around 3 TeV, as given in the most
range of −1 < δ < 1. The Z-Z ′ mixing (E1) is slightly varying in δ, whereas the Z-C ′ mixing
(E2) is strongly sensitive to δ. The new physics contribution to the ρ-parameter results from the
tree-level mixings of Z with Z ′, C ′ bosons (due to both the sources, the 3-3-1-1 breaking and the
kinetic mixing) as well as from the dominant one-loop corrections of the new non-Hermitian gauge
bosons. Using the experimental data on ρ-parameter, the viable (u,w) regions have been given,
which are more sensitive to δ too. The new physics scale, w, is typically in TeV scale, while the
weak scale, u, is correspondingly restricted. When |β| is large, close to its bounds, the Landau pole
might approach the weak scales, and in this case the VEVs u, v are strongly definite, since their
viable regimes are very narrow. Note that in this case, the new physics may be still decoupled
from the standard model due to a good custodial symmetry SU(2)L+R.
We have calculated the flavor-changing neutral currents due to the discrimination of the third
generation quarks from the first two as well as due to the mixing of the neutral gauge bosons.
These currents are dominantly governed by the new Z2,3 bosons, whereas the contribution of Z1
boson is negligible. The experimental constraint on the B0s -B¯
0
s mixing sets the strongest bound
on the new physics scales (w,Λ). If Λ  w, the 3-3-1 breaking scale is bounded by w > 3.9 TeV.
If Λ = 2w, the 3-3-1 breaking scale w is around 3–3.5 TeV. The new physics scales are obviously
changed when δ varies. When β is large so that the Landau pole is presented, close to TeV scale,
the new physics regime due to both the constraints (the Landau pole and B0s -B¯
0
s mixing) may be
very narrowed, as already seen for β = −√3.
Finally, we emphasize that the kinetic mixing effect must be taken into account when the new
physics in the 3-3-1-1 model is examined. With the implication for dark matter, neutrino masses,
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cosmological inflation, and leptogenesis as well as the theoretical advantages over the known 3-3-1
models [2, 3], the current 3-3-1-1 model warrants further studies.
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